Abstract. Considering as averaging domain any spherical comoving region containing a symmetry center, we derive a closed analytic expression for the kinematic "back-reaction" term, Q, in Buchert's spatial averaging formalism for LTB dust solutions. Independently of initial conditions and of the scale of the averaged region, we find that Q ≤ 0, with Q = 0 only for the zero spatial curvature case ("parabolic" solutions). This result implies that there is no effective cosmic acceleration in the context of this averaging formalism and under this assumption on the domain. This result is also true for "quasi-spherical" Szekeres solutions in which the averaging domain has finite proper volume.
Introduction.
Among the most popular alternative explanations for cosmic acceleration we can find in the literature studies on how observations could be influenced by different ways of coarse graining and averaging of dust inhomogeneities [1] . In particular, T. Buchert [2] and co-workers have examined the "effective" acceleration that could come from the so-called "back-reaction" terms that emerge by rewriting scalar evolution equations (Raychaudhuri and Friedman equations) in terms of spatial averages of matter-energy density and the expansion scalar. See [3] for a comprehensive review of this formalism and [4] for a critical appraisal of it.
Unfortunately, it is technically challenging to calculate in practice, either coarse grained observational parameters or back-reaction terms, for general non-linear inhomogeneus or "realistic" conditions. Hence, proposals that examine cosmic acceleration without dark energy have been discussed or tested either under a perturbative approach [5] , or in the context of some idealized spacetimes [6] , but featuring prominently in these articles is the spherically symmetric Lemaître-TolmanBondi (LTB) [7] class of dust solutions, which are simple, but general enough, inhomogeneous spacetimes (see [9] for a comprehensive review).
Several articles [10] , including a recent one [11] by A. Paranjape and T. P. Singh, have examined spatial averaging of scalars in the context of LTB models, considering, as integration domains for the averaging functional, spherical comoving regions in the natural time foliation given by the hypersurfaces 3 T orthogonal to the 4-velocity field. Some of these authors have relied on various types of asymptotic late time approximations of the involved quantities, such as the kinematic back-reaction term, Q, and the averages of the rest mass-energy density and Ricci scalar curvature of the 3 T . While these approximations apparently point out to the possibility of existence of an "effective" acceleration under certain conditions (strong negative curvature), they are insufficient as a proof of it. As we show in the present article, the conclusions based on these approximations are misleading: there is no "effective" acceleration for LTB models under these assumptions on the averaging domains.
2. The spatial average and the "back-reaction" term.
Consider an irrotational dust source associated with a hypersurface orthogonal spacetime in a normal synchronous metric representation:
where ρ is the rest-mass density, u a = δ a 0 and the induced metric of the hypersurfaces
Given a regular domain, D ⊂ 3 T , and a scalar function A(x a ), the spatial average of A is customarily defined in terms of the proper volume element as the functional
where h = det(h ab ). Unless stated otherwise, we will consider (3) as evaluated along a given D and thus, to simplify notation, we will omit attaching the subscript D to denote the domain dependence of this average.
Since for (1)- (2) we haveȦ = u a ∇ a A = ∂ 0 A and the expansion scalar is Θ = ∂ 0 [ln √ h], the spatial average (3) is a linear functional satisfying the following commutation rule with u = ∂ 0
Notice that spatial averaging through the functional (3) can only be defined as a covariant operation if it acts on covariant scalars of (1)- (2), such as ρ, Θ and 3 R, the Ricci scalar of the 3 T , as well as on scalar contractions involving covariant objects, such as the shear scalar σ ab σ ab , but not on components of proper tensors like σ ab themselves (see [13] ). The well known evolution equations of Buchert's formalism [2, 3] follow by applying (3) to the scalar evolution equations of the ADM "3+1" formalism and using (5)- (6) to eliminate averages Ȧ in terms of derivatives of averages A ˙(see [2, 3] ). For the energy balance law we get
which simply expresses the compatibility between (3) and the conservation of rest mass (if it holds locally it holds non-locally "on average" as well). The averaged forms of the Raychaudhuri and Friedman equations are
where the kinematic "back-reaction" term, Q, is given by
Equations (8) and (9) can be re-written as
where the "effective" density and pressure are
The integrability condition between (10), (13) and (14) is the following relation betweenQ and 3 R ˙:
From (13) and (14), the condition for a an "effective" cosmic acceleration is
which, apparently, could be possible to fulfill for a sufficiently large and positive back reaction term Q. We will evaluate this condition for spherically symmetric LTB dust solutions and their "quasi-spherical" Szekeres generalization.
LTB dust spacetimes.
Lemaitre-Tolman-Bondi (LTB) dust solutions [7, 9] are characterized by the spherically symmetric particular case of (2)
where R = R(t, r), R ′ = ∂R/∂r and f = f (r), and by the energy-momentum tensor (1), but with ρ = ρ(t, r). The field equations reduce tȯ
where κ = 8πG/c 2 , M = M (r) andṘ = ∂R/∂(ct). The basic covariant scalars are ρ and
while the spatial trace-less tensor σ ab can now be expressed in terms of a single scalar function as
where
r is the unit vector orthogonal to u a and to the 2-spheres orbits of SO (3) .
The proper volume element for LTB metrics is the following particular case of (4)
For the averaging functional (3) we consider as integration domain D a spherical comoving region parametrized by (r, θ, φ), and bounded by constant values of r in the range 0 ≤r ≤ r, with the lower end,r = 0, marking the worldline of a regular symmetry center. Hence we obtain V as a function of the upper limit of r:
so that V(ct, 0) = 0, as regularity of (17) requires f (0) = 0, R(ct, 0) =Ṙ(ct, 0) = 0 and R ′ (ct, 0) ∼ O(r) (for regularity issues of LTB solutions, see [14] ). In practical terms, the evaluation of (3) is equivalent to the following quotient of radial integrals in this domain
where (to simplify notation) we have omitted the use ofr for the integration variable and the subscript 0 denotes the lower integration limit asr = 0. The averaged evolution equations (7)- (16) are the same for LTB models, but with the help of (22) and (23) the the back-reaction term (10) can now be written exclusively in terms of the scalar functions Θ and Σ
Since both Θ and Σ are given by (20) and (23) in terms of the derivatives of R, it could be possible in principle to compute Q. However, given the fact that F (r) is a wholly arbitrary function, it is practically impossible to obtain a general analytic result from (27) by computing averages by means of integrals of the form (26). We address this point in the following section.
An averager related to the quasi-local mass
In order to evaluate (27) we will consider (26) plus an alternative average functional. We notice that the field equation (19) and the expression for 3 R in (21) suggest constructing an average functional by means of integrals with the "volume" (25). In fact, (19) is precisely the definition of the Misner-Sharp "quasi-local" mass (MSQLM) function, M, which is for spherically symmetric spacetimes an invariant scalar [12] . In particular, for a dust source it is a conserved quantity along the 4-velocity flow: M = M (r). Assuming the same domain as in (26), we obtain from (19)
where R ab cd is the Riemann tensor for the LTB models. While the quotient of integrals in (28) is an invariant quantity that could be defined as a sort of volume average functional, it is problematic to generalize this functional as an average for arbitrary scalars because R 2 R ′ is not a covariant quantity. However, we can sort out this problem by constructing a covariant definition for this type of integrals as proper volume integrals with a "weight function" F :
Hence, we define the following average functional, associated with the MSQLM definition, as the following generalization of the averaging functional (3) (and its LTB version (26)):
where (from (18)) the weight function is given by the invariant scalar
The spatial average functional (30) satisfies a commutation law identical to (5)- (6) and complies with the same mathematical properies of integral distributions as (3) (and (26)).
Applying (30) to (19), (20) and (21) we obtain
where we have assumed that the lower limit of the integrals is a regular center r = 0 and we used the fact that Θ = ∂ 0 [ln(R 2 R ′ )]. The scalar Σ follows as a first order fluctuation of Θ around Θ QL :
A non-positive back-reaction term
Equation (35) is the key for obtaining an analytic expression for Q in (27). For LTB solutions, and assuming the same integration domains, the relation between the "standard" average functional (26) and that introduced in (30) follows readily as
With the help of (35) and (36) we get
Since, for integral distributions like (26), we have
we obtain for Σ
Therefore, inserting the expression above in (27) yields for Q the following non-positive form
where we used (34) and (36). Notice that Q = 0 occurs only if Θ = Θ QL , which can only happen if f = 0 (or F = 1), and this characterizes the particular class of spatially flat (or "marginally bound") LTB models as the subclass with vanishing back-reaction (as commented in [11] ). It is straightforward to verify that Q given by (40) identically satisfies the integrability condition (15). The obtained result Q ≤ 0 can allow for a negative "effective" pressure in (14):
provided that 3 R is sufficiently large and negative. This fact could explain the search in [10, 11] for LTB models with strong negative curvature. However, the condition for an "effective" cosmic acceleration (16) becomes
and it could only hold if ρ < 0. Hence, (40) is an analytic proof that there is no "effective" acceleration from back-reaction produced in the context of Buchert's formalism in spherical comoving domains (containing a center) for any reasonable LTB model.
The Szekeres solutions.
Szekeres dust solutions, which in general do not admit isometries, provide a well known generalization of LTB models [8, 9] . Their metric can be written in a way that highlights their similarity with the LTB metric (17)
The functions α, β 1 , β 2 , γ comply with the constraint 4(αγ − β The field equations, the tensor σ ab and the expressions for the characteristic scalars {ρ, Θ, Σ, 3 R} are practically identical to equations (18)- (23) with R replaced by Y :
The average functionals are defined for a specific domain D just as in (3) and (30), but now with d 3 x = drdxdy. The relation between A and A QL is given by (36) but with F replaced byF :
Although equations (6) apparently suggest that computation of the averages could be similar to that of the spherical LTB case, with domains parametrized by (r, x, y), the integrals involved in these functionals would diverge for those particular cases of Szkeres solutions in which the 2-surfaces associated with the coordinates (x, y) and fixed r and t lack a finite surface area. As commented in [8] , only for the "quasispherical" case ǫ = 1 these 2-surfaces have a bounded area, which is a 2-sphere of proper area 4πR
2 . Also, for non-spherical spacetimes the concepts of symmetry center and the MSQLM loose their invariant meaning. However, for the purpose of this article, we only need to evaluate the back-reaction term (27). Thus, we only need to assume that there exist integration domains D bounded by constant values of r for which the integrals in (3) and (30) are finite and regular. Following [8] , we assume that ǫ = 1, and that the lower limit integration range of r is marked by a worldline r = 0 at which Y (ct, 0) =Ẏ (ct, 0) = 0 so that V(ct, 0) = 0.
Considering the above mentioned regularity and domain assumptions, and bearing in mind (44) and that
which, with the help of (48) and (49), leads to the same relation (35) as in LTB models:
Thus, by substituting (53) into (27) and applying the properties of integral distributions (38) we arrive to (40), which is exactly the same result that we found for the LTB solutions. Hence, there is no effective acceleration due to back-reaction terms in spherical domains with finite volume in the "quasi-spherical" Szekeres solutions.
Concluding remarks.
We have proven in this article a an interesting result: the back-reaction term, Q, that emerges from Buchert's spatial averaging formalism in LTB dust solutions is non-positive for any comoving spherical integration domain that contains a symmetry center. Therefore, as shown by (16), there is no effective acceleration though backreaction in this formalism for this type of domains in LTB solutions with ρ > 0. This is a scale independent and robust analytic result that is, also, independent of initial conditions and/or of any perturbative method or late time expansions. This result also holds for "quasi-spherical" Szekeres solutions, in which the boundary of the domain is a comoving 2-sphere (marked by constant r), even if the interior is not spherically symmetric.
Of course, for domains not containing a center or not having a spherical comoving shape, it is possible that condition (16) could hold, but there is no covariant coordinate-free way to specify non-spherical integration domains in LTB models and the computation of the avaraged scalars would be considerably difficult for these domains (it would not involve integrals between constant values of r in the spatial comoving coordinates). On the other hand, to consider spherical domains in LTB models that exclude the symmetry center seems to be a rather ad hoc restriction if modeling a cosmological inhomogeneity. It remains to be proven as future work if the result of this article is still valid for less idealized conditions, say, involving a general irrotational dust spacetime with an integration domain with finite proper volume that is only restricted to be bounded by an arbitrary closed 2-surface.
